We report the result of our evaluation of the Feynman diagrams appearing in the determination of the four-loop renormalization group functions in the two-dimensional lattice O(n) σ-model by Caracciolo and Pelissetto. In the list of the integrals used for the determination of those functions, we find that three entries were not correctly evaluated. We give the values for them corrected by us including those for all other integrals which we computed with higher precision. These results are then applied to revise the determination of the second analytic correction to correlation length ξ and spin susceptibility χ by Caracciolo et al. as well as our determination of the mass gap where we explicitly made use of the four-loop β-function. In both cases we find sizable changes in predictions.
Introduction
The two-dimensional non-linear O(n) σ-model is interesting in theoretical physics in many respects. In condensed matter physics, the model can be applied to the study of ferromagnetic systems. In elementary particle physics, on the other hand, it serves as a good toy model for the investigation of the strong interactions since it shares with QCD many common properties.
The most interesting property of the σ-model from the view of particle physicists is that of asymptotic freedom which is predicted by perturbation theory. Besides this, the model shows many additional interesting properties. One believes a nonperturbative generation of a mass gap via dimensional transmutation which controls the exponential decay of correlation functions at large distances. From the existence of an infinite set of conserved non-local quantum charges [1, 2, 3, 4] , one can show that there is no particle production in the theory and also derive "factorization equations" directly. These properties lead finally to the exact determination of the S-matrix up to a CDD-ambiguity [5, 6] , assuming that the spectrum of the theory is known. By making use of the exact S-matrix and the thermodynamic Bethe ansatz, Hasenfratz and Niedermayer determined the ratio of the mass gap to the Λ-parameter m/Λ of the theory exactly [7, 8] . If one formulates the σ-model on the lattice, it has a further advantage: due to low dimensionality it is simple to simulate numerically and can therefore be used in many cases for testing new ideas in lattice theories.
The property of asymptotic freedom is based on the validity of perturbation theory. One usually formulates perturbation theory on a non-symmetric trivial vacuum. The Mermin-Wagner theorem [9] , however, tells us that in O(n) σ-model the continuous O(n) symmetry can not be spontaneously broken in two dimensions. Therefore, the validity of the perturbation theory in infinite volume is in fact not guaranteed. This observation, together with the lack of clear asymptotic scaling in simulations, gives some authors [10, 11, 12] a motive for an argument that the nonlinear O(n) σ-model has no mass gap and for any n ≥ 2 it undergoes a Kosterlitz-Thouless phase transition [13, 14] at a finite coupling f c = 0.
Monte Carlo simulations allow in principle to explore the behavior of a model in all areas of the bare coupling. It is of general interest to connect Monte Carlo results with those of the perturbative renormalization group (RG) which should dictate the scaling laws of the theory near the fixed point f 0 = 0. For a precise comparison with the Monte Carlo data, the computation of the RG functions at high orders in perturbation theory is desirable. Until now they are known up to four loops where the long and difficult four-loop computation was recently done by Caracciolo and Pelissetto [15] . These determinations of the four-loop β-and γ-functions then allow us to compute the correlation length ξ and spin susceptibility χ up to second analytic correction.
We applied an efficient coordinate space method for the evaluation of lattice Feynman diagrams described in detail in our paper [16] to compute the integrals listed in the paper by Caracciolo et al. more precisely. In most integrals, our results showed good agreement with those by Caracciolo et al. We, however, found that three integrals were not correctly evaluated. Since these errors turn out to cause sizable changes in the perturbative prediction to ξ and χ as well as in our determination of the mass gap by a finite volume technique [17] , we would like to report our results for the evaluation of the lattice integrals together with the corrections to the physical prediction to ξ and χ as well as to our determination of the mass gap. Furthermore, the four-loop RG functions evaluated by Caracciolo et al. were applied in many papers [18, 19, 20, 21, 12] and it is necessary to revise them in accordance with our corrected values for the RG functions.
We would like to stress that we checked only a minor part of the four-loop RG functions by Caracciolo et al., where we just reevaluated the integrals listed in that paper. We still do not know whether the other analytic formulas are correct. For the complete confirmation of the four-loop RG functions, it would take a while until we finish our own computation of them which is in progress [22] .
The paper is organized as follows. In the next section we define the σ-model and give in this model the hitherto known results for the perturbative RG functions including the four-loop determination by Caracciolo et al. and its corrected version by us. Section 3 is then devoted to the reinvestigation of the physical quantities by making use of our corrected values for the RG functions. Finally, the explicit evaluations of lattice Feynman diagrams are presented in the Appendix.
Computation of the RG functions
We consider the non-linear O(n) σ-model in two dimensions defined by the action
where q i (x) with i = 1, · · · , n is an n-component real scalar field of unit length q(x) 2 = 1 and f 0 denotes the bare coupling constant. h is here a magnetic field which regularizes the infrared divergences and explicitly breaks the O(n) symmetry, lining up the field along the component q n . At small coupling, one can then consider small fluctuations around the direction of the magnetic field. In this way, the perturbative expansions in f 0 can be obtained by setting
which solves the constraint q(x) 2 = 1. The regulator h can be removed at the final stage of the computation. This is guarenteed by the conjecture of Elitzur [23] , proved later by David order by order in perturbation theory [24] , which states that in O(n) σ-model, O(n) invariant correlation functions have a finite infrared limit in two dimensions.
With this prescription, one can now start to compute the physically interesting quantities according to perturbation theory. Higher loop computations are however accompanied by ultraviolet divergences, which requires a renormalization. This can be achieved by introducing a regularization and redefining bare fields π and coupling f 0 as renormalized ones, π R and f . In the dimensional regularization with dimension d, one sets π R = Z −1/2 π and f = Z −1
where the Z and Z 1 , taken as a series in f , are adjusted so that the renormalized theory satisfies a chosen set of two independent conditions. Choosing µ as the scale of the renormalized theory, if one changes µ, one has to change the renormalized fields and coupling accordingly, which is represented by the RG equation
R is the renormalized n-point correlation function for the π R field and β(f ) and γ(f ) are β-and γ-functions respectively:
The coefficients b 1 , b 2 and c 1 are universal in the sense that they do not depend on the renormalization scheme chosen and explicitly given by
All other higher terms are, on the other hand, scheme dependent. In the minimal subtraction (MS) scheme, they were computed up to four loops [25, 26, 27, 28] :
10)
c 2 = 0, (2.11)
If one formulates the σ-model on the lattice, there are many different ways to define actions to regularize the theory. Here, we would like to consider the standard nearest-neighbor action
The RG equation on the lattice which is formally the same as Eq. (2.3), but written in terms of the bare β-and γ-functions, is given by
L is the lattice n-point correlation function for the π field and the lattice β-and γ-functions are given bŷ
The coefficients in this regularization are also known to four loops. Up to three loops, they are given by [29, 30, 31] 
with G 1 ≃ 0.0461636. Recently, Caracciolo and Pelissetto [15] computed the quite demanding four-loop coefficientsb 4 andĉ 4 :
where the integrals G 1 , R, J, K, L 1 , V 1 , · · · , V 6 , W 1 and W 2 are defined in Appendix A and their numerical values evaluated by Caracciolo et al. are listed in the middle column of Table 1 .
Integrals
Values I Values II By applying the coordinate method for the evaluation of lattice Feynman diagrams described in detail in our paper [16] , we reevaluated all integrals in Table 1 with higher precision. We show our results in the right column of the same table. As we see in Table 1 , we reproduce most values by Caracciolo et al. with a minor precision mistake for the constant L 1 . However, for three integrals V 4 , W 1 and W 2 , our numbers are different from those by Caracciolo et al., where the difference in V 4 can be accounted for by a factor of 2.
We remark that Caracciolo et al. checked their determination of the four-loop RG functions by the technique of 1/n expansion. In the limit of large n, Eqs. (2.24) and (2.25) reduce tô
Eqs. (2.26) and (2.27) agree with the predictions by the 1/n expansion in the given order [15] . However, as we see in the above equations, this method can not control all integrals in Table 1 , merely those of
There was, on the other hand, a further check on the RG functions when we determined a mass gap [17] by applying a perturbative computation of the mass gap M(L) in finite volume L. In converting our computation of M(L) on the lattice to the renormalized MS scheme, we made there an explicit use of the four-loop βfunction. From the constraint that we should formally have a free theory in the O(2) model with dimensional regularization, we get a relationship for the perturbative M(L) to satisfy. In this case, we could however confirm only the integral J.
Application to physical quantities
In this section we present the application of the perturbative determination of the RG functions in the previous section to the physical predictions, explicitly the analytic correction to the correlation length ξ and spin susceptibility χ as well as the determination of a mass gap through a perturbative computation of a finite volume mass gap M(L). We first consider the application to the analytic correction to ξ and χ.
Perturbative evaluation of ξ and χ
The determination of the four-loop β-and γ-functions makes it possible to compute ξ and χ up to second analytic correction. We discuss here the numerical evaluation of the analytic corrections to ξ and χ and also to the other relevant quantities. We first consider the correlation length ξ.
The correlation length is a physical quantity and correspondingly satisfies the RG equation:
We may then define the RG invariant parameter as
which satisfies Eq. (3.1) order by order in perturbation theory. The constant C ξ is non-perturbative and its value depends on the explicit definition of the correlation length. For the isovector exponential correlation length ξ
, which controls the large distance behaviour of the two-point function q(x) · q(0) , an exact determination was achieved by Hasenfratz and Niedermayer [7, 8] using the thermodynamic Bethe ansatz:
.
An alternative definition with respect to the isovector correlation function
There are also other definitions with respect to higher isospin channels, e.g. the exponential correlation length related to the isotensor correlation function [q(x) · q(0)] 2 − 1/n and the corresponding second-moment correlation length.
The functionξ(f 0 ) is regular at f 0 = 0 and may be expanded as a function of f 0 :
where
(3.8) 
9)
Now, if we substitute for the constants in Eqs. (3.9) and (3.10) the values in Table 1 evaluated by us, we get for A 2 an estimation which is different from that by Caracciolo et al.:
It is to be remarked that if n increases, the difference with the determination by Caracciolo et al. becomes small, which is of course to be expected since the four-loop coefficient is correct in the large n limit. Next, we would like to compute the analytic correction to the isovector spin susceptibility χ V = x q(x) · q(0) . It satisfies the following RG equation:
We may then define the RG invariant parameter as .2), there is no exact expression for the non-perturbative constant C χ at present. It is however known in the large n limit [32, 33] :
where γ E is Euler's constant and γ C ≃ 0.4861007. The functionχ(f 0 ) is regular at f 0 = 0 and may be expanded as a function of f 0 :
(3.18)
(3.19) 
Now, if we substitute for the constants in Eqs. (3.20) and (3.21) our values in Table 1 , we obtain
(3.23)
Again, for B 2 we get a prediction which is different from that by Caracciolo et al.
Let us also consider the ratio χ V /ξ 2 which has an advantage of being possible to compute an additional analytic correction. Writing
where R V = C χ /C 2 ξ is a non-perturbative universal constant, the expansion coefficients C 1 , C 2 and C 3 have the expressions
The numerical evaluations for these coefficients with our values in Table 1 yield
As expected, for the expansion coefficient C 3 our determination does not agree with the estimation by Caracciolo et al.
Finally, we would like to consider the spin-k susceptibility [15] defined as
where Y α 1 ,···,α k k = q α 1 · · · q α k − "Traces" (3.32) and the "Traces" must be such that Y α 1 ,···,α k k is symmetric and traceless. Then, from the standard RG arguments one has
with a non-universal constant C (k) χ . By including the ratio
and its expansion coefficients
one gets for the expansion coefficients which have the numerical values is not in agreement with that by Caracciolo et al. Now, it is interesting to compare the theory with "experiment". We would like to take the correlation length and compute the ratio
where ξ MC (β) is the Monte Carlo value for the correlation length given as a function of the inverse bare coupling β = 1/f 0 and ξ (l) th (β) is the theoretical l-loop prediction from Eqs. (3.2)-(3.4). In Table 2 
Determination of a mass gap by finite volume method
In our work [17] on the determination of a mass gap m by applying the perturbative computation of the mass gap M(L) in finite volume L, we made an explicit use of the four-loop β-function in converting our computation of M(L) regularized on a lattice to the renormalized MS-scheme. Since the four-loop coefficient has to be changed, our prediction for the mass gap has to be corrected accordingly, and so we would like to present here the modifications caused by the change of the β-function.
To the determination of the physical infinite volume mass gap m from the finite volume mass gap M(L), we applied two different methods: one method was the determination by matching the behavior of the finite volume mass gap M(L) evaluated at small L with that of the mass shift δ 0 ≡ [M(L) − m]/m known at large L and the other was by means of a couplingḡ 2 (L) running with L. We analyzed both methods again by inserting our new corrected value of the β-function.
In the case of the determination of the mass gap by applying the mass shift, we concluded that the method is not stable and so it is difficult to make a reasonable estimation for the mass gap by this method. After we substituted our new corrected value of the four-loop β-function, we see substantial changes, but the whole picture including the final conclusion does not improve the situation. Therefore, we do not want to present here the evaluation of the mass gap by this method. As for the determination of the mass gap by means of running coupling, we however see interesting effects through the new corrected value and therefore we would like to discuss in the following the new evaluation of the mass gap by this method in detail.
In Ref. [17] , we introduced a couplingḡ 2 (L) running with volume L defined by 1 g 2 (L) = 2M(L)L/(n − 1), (3.42) where M(L) is a mass gap in finite volume which we computed to three-loop order in perturbation theory. For the coefficients of β-function defined bỹ
43)
we foundb
The explicit expressions for the constants χ 1 , · · · , χ 4 can be found in appendix B of Ref. [17] , where the values for t 1 , t 2 and t 3 in their expressions have now to be modified by our new values:
(3.50) t 3 = −9.0937547 (1) .
(3.51)
The Λ-parameter in this scheme is given by
which has the following perturbative expansion up to order O(ḡ 4 ): Table 3 and also illustrated in Fig. 1 .
The new effect which mainly arises by substituting our corrected value for the four-loop β-function is that, compared to the old diagram with the value by Caracciolo et al., for large couplings the new four-loop estimations for Λ F V /m become smaller, so that the four-loop curve in Fig. 1 shifts underneath. As a result, the order of 3-and 4-loop curves changes. However, when the coupling goes to zero, the difference with the old diagram becomes smaller and smaller, and at the smallest coupling considered, it is practically zero. From this observation we can conclude that the changes in β-function influence only at large couplings and for small couplings, which are indeed the region of our main interest, we have the same picture as the earlier investigation with the value by Caracciolo et al. Therefore, as in the case with the old four-loop β-function, our determination of the mass gap converges to the value predicted by Hasenfratz and Niedermayer very well. To give a further impression on the systematic errors, we also consider an alternative definition of n-loop approximations to Λ F V ; instead of expandingλ(ḡ 2 ) of Eq. (3.53) in the couplingḡ 2 , we insert the perturbative coefficients ofβ(x) inλ(ḡ 2 ) and integrate this exactly. If we apply the coefficients of the β-function calculated up to 4-loop order, we obtain the following approximations to Λ F V at 2-, 3-and 4-loop levels which are a little modified from Eqs.(3.54)-(3.56):
Insertion of the data in Table 1 of Ref. [17] in these equations gives the numbers in Table 4 which are also plotted in Fig. 2 . In this case, we have exactly the same phenomenon as the former investigation. Compared to the old figure with the fourloop β-function value by Caracciolo et al., the four-loop curve for Λ F V /m at large couplings shifts underneath in this case as well, so that the splitting of 3-and 4loop curves becomes larger. However, for small couplings which are actually our interesting region, the difference between two figures, one figure with the new βfunction value by us and the other with the old value by Caracciolo et al., vanishes. Therefore, also in this investigation with the modified expansion to the Λ-parameter, we can conclude in the same way as the earlier investigation with the old value of the β-function: all three curves converge to the value predicted by Hasenfratz et al.
We also want to discuss the changes of the diagrams through the correction of the β-function in O(4) model. By substituting the new value of the β-function in Eqs. (3.54)-(3.56), we obtain the corrected results for Λ F V /m which are written in Table 5 and also illustrated in Fig. 3 . As far as the modification of the four-loop curve is concerned, Fig. 3 shows exactly the same behavior as Fig. 1 : as a result of the shift of the four-loop curve underneath, the order of 3-and 4-loop curves changes, but for small couplings the difference between the old diagram and the new one vanishes and we have the same argument with respect to the final conclusion.
As for the determination of Λ F V /m by means of the modified definition of the perturbative Λ F V in O(4) model, we obtain the results which are written in Table 6 and also plotted in Fig. 4 . In this case, we see exactly the same phenomenon as Fig. 2 which leads to the conclusion that for small couplings all three curves converge to the value by Hasenfratz et al. very well. Table 4 . The arrangement of the points and the dotted line is the same as in Fig. 1 .
F V /m 0.863 0.0795 (7) 0.0722 (7) 0.0717 (16) 
F V /m 0.863 0.0830 (7) 0.0733 (7) 0.0720 (16) Table 6 . The arrangement of the points and the dotted line is the same as in Fig. 3 .
Summarizing the whole discussions up to now, we conclude that the correction of the four-loop β-function has an influence on our earlier investigation for the determination of the mass gap only at large couplings, while in the actually interesting region of small couplings it provides practically no changes. Therefore, our conclusions with the old value of the β-function by Caracciolo Acknowledgement I greatly acknowledge Peter Weisz for many useful discussions as well as for reading this manuscript.
A Evaluation of lattice Feynman diagrams
In this appendix we define the lattice integrals appearing in Table 1 of section 2 and show how they can be evaluated.
A.1 Evaluation of W 2 W 2 is defined as a finite part of an infrared divergent integral:
whereδ(q) stands for a modified form of δ-function (2π) 2 δ(q) and q for an abbreviated symbol of the integral sign π −π d 2 q (2π) 2 . The quantity R is a finite integral which can be evaluated exactly
with ψ(z) = d ln Γ(z)/dz, while the function K(h) is a divergent integral for small h
µ ,p µ ≡ 2 sin(p µ /2) and µ = 0, 1. Our aim is to evaluate the integral W 2 (h) in the limit h → 0 to confirm the logarithmic terms in Eq. (A.1) and to determine the constant W 2 at the end.
Observing that Eq. (A.2) can be represented by the following symmetric form
we try to evaluate Eq. (A.5) by dividing into the following two integrals:
Considering, at first, the integral I 1 (h), we transform the function F µν (p, 0) to position space to study how it behaves for small p:
where H(x) is defined by
For large x, Eq. (A.11) shows the behavior lim x→∞ H(x) ∼ 1 x 2 , from which we can find out that F µν (p, 0) diverges logarithmically for p → 0. We then break up Eq. (A.10) into converging and diverging part
(A.12) where the free propagator G(x) including its properties is discussed in detail in Ref. [16] andF µν (p, 0) is a well-defined function in the limit p → 0, constructed by subtracting from Eq. (A.10) the leading square terms in large x:
Next, we separate the p = 0 part of Eq. (A.13) to introduce a functionF µν (p, 0) which vanishes for p = 0:F
The numerical value of C, which can be computed very precisely by applying the position space method [16] , is 0.369899 · · ·. Substituting Eq. (A.12), together with Eq. (A.14), in Eq. (A.8) and going back to momentum space, we have Expanding the square, Eq. (A.17) produces the following ten integrals which we can evaluate separately:
The numerical values for Eqs. (A.34)-(A.36) which we computed by applying the coordinate space technique are given in Table 7 . As for the last integral I i 1 (0) of Eq. (A.28), we can compute it by a Fortran program calling NAGLIB integration subroutines. We get a number in Table 7 .
Let which is identically zero. As for the integral B 2 (h), we do the same variable change p → √ hq. In the limit h → 0, we get By transforming to polar coordinates, all of these integrals can again be reduced to one-dimensional ones whose numerical values are listed in Table 7 .
A. 
Concerning the integral V 4 , after transforming to a symmetric form which is again to be evaluated by using NAGLIB integration subroutines.
